The attitude control problem of the kinetic kill vehicle is studied in this work. A new mathematical model of the kinetic kill vehicle is proposed, the linear quadratic regulator technique is used to design the optimal attitude controller, and the pulse-width pulse-frequency modulator is used to shape the continuous control command to pulse or on-off signals to meet the requirements of the reaction thrusters. The methods to select the appropriate parameters of pulse-width pulse-frequency are presented in detail. Numerical simulations show that the performance of the LQR/PWPF approach can achieve good control performance such as pseudo-linear operation, high accuracy, and fast enough tracking speed.
Introduction
It is known that the earliest interceptor required a very large and powerful propulsion system in combination with a very high powered warhead to successfully destroy an incoming reentry vehicle. With the development of small-size propulsion systems, reliable and accurate sensors and guidance systems, and rapid servo-mechanism techniques, the kinetic kill vehicle (KKV) is now becoming both technically and economically feasible. KKV adopts the way of direct collision to destroy target, which makes the promise of a low-cost defense system more reasonable. A KKV should include a sensor that identifies and tracks the target, the guidance and control system computes the course changes for the interceptor, and a propulsion system supplies the forces to maneuver the vehicle [1] [2] [3] . Each KKV requires six to eight thrusters to maneuver its pitching angle, yawing angle, and rolling angle. A procedure for finding the optimal thruster configuration with desired control effectiveness was proposed by [4] .
The reaction thruster attitude control system (RTACS) has been widely studied. Aventine et al. [5] studied the attitude dynamics for rigid spacecraft. The firing logic of reaction thrusters and the methods of tracking attack angle are presented by He et al. [6] , but the coupling between three channels have not been taken into account in their work. Reference [7] employed switching strategy in combination with PID controller applying to the ducted rocket system. Luo et al. [8] proposed an optimization approach combining primer vector theory and evolutionary algorithms for fuel-optimal non-linear impulsive rendezvous, which is designed to seek the optimal number of impulses as well as the optimal impulse vectors. Reference [9] presented an adaptive attitude control law based on neural network for a rigid spacecraft without requiring angular velocity measurements, but in the course of this research, we found that control performance indices deteriorated obviously without tracking angular velocity. Reference [10] studied the coupled dynamics of spacecraft, and introduced angle decoupling conditions of attitude control problem.
This work adopts pulse or on-off reaction thruster for attitude maneuver. Pulse-width pulse-frequency (PWPF) modulator is used to translate continuous control commands to on-off signals due to its advantages over other types of pulse modulators such as bang-bang controller which has excessive energy consumption [11] [12] [13] . The PWPF modulator is composed of a Schmidt trigger, a first-order-filter, and a feedback loop. The design of PWPF requires iterative tuning of the filter and the Schmidt trigger. References [13] [14] [15] [16] presented detailed methods to select the appropriate parameters of PWPF, but the relationship between signal attenuation and PWPF parameters has not been taken into account. The fuel decides the lifetime of the KKV, therefore, reduced energy consumption is highly required, therefore, i.e., decrease the number of firings.
In this work, the PWPF is combined with the linear quadratic regulator (LQR) technique for the KKV attitude control system. The paper is divided into 5 sections. The nonlinear model of the KKV is presented in Section 2; Section 3 presents a detail description of the LQR/ PWPF controller design which includes the description of the tuning methods for the parameters of the PWPF modulator; Section 4 presents the result of the numerical simulation for the RTACS; Conclusions are presented in Section 5 based on the obtained results.
Mathematical Model of the KKV
This section will describe the mathematical model of the attitude motion, including kinematics and dynamics equations of the KKV. In general, the response, energy consumption, effective torque and fault tolerance of the control system are affected by the thruster configuration [4] . The basic thruster configuration of the KKV in this work is illustrated in Figure 1 . There are 6 thrusters parallel to the 1 1 plane of the vehicle. These thrusters are installed in the tail of the KKV. Positive pitching moment is acquired by turning on thruster number 1 and 2, and negative pitching moment is acquired by turning on thruster number 4 and 5. Positive yawing moment is acquired by turning on thruster number 3, and negative yawing moment is acquired by turning on thruster number 6. Positive rolling moment is acquired by turning on thruster number 2 and 5, and negative rolling moment is acquired by turning on thruster number 1 and 4. The control commands are given in 3 channels: pitching, yawing, and rolling. Obviously, there happens control cross coupling phenomena. Smaller effective torque compared to the control command is produced when 3 channel commands are given simultaneously.
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The Rotational Dynamic Equation of the KKV
In this work, the attitude of the KKV is defined by the body reference frame with respect to the ground reference frame, 2 2 2 is obtained though translation of the ground reference frame and O is the center of gravity. Figure 2 presents OY , also completes a three-axis right-hand orthogonal system. The motions of the KKV are composed of translational and rotational motions. Their independent characteristics allow one to deal with the two motions separately. For attitude control, only rotational equations are required. The rotational motions of a rigid spacecraft in space are described by Euler's Equation (1)
is the angular velocity of the body frame relative to the ground frame, and the projection of 
The Rotational Kinematic Equation of the KKV
According to the relationship of the body reference frame and the ground reference frame, the rotational angular velocity of KKV in body reference frame can be deduced as follow       
where ,   and  are pitching angle, yawing angle and rolling angle respectively, then we obtain     
Design of LQR/PWPF Controller
In this section, the LQR/PWPF controller design is described. LQR is a method for designing optimal controller. However, the control signals from LQR controller are of continuous type, the PWPF is used to modulate continuous control commands to discrete signals.
LQR Controller
According to (6) and (8), the rotational dynamic and kinematic equation groups of KKV have the characteristic of strong coupling and nonlinearity. Only linearized reasonably, RTACS can use linear system theory. Suppose the attitude angle and angular velocity of KKV are all small, we can consider RTACS as a three-axis self-governed second-order linear model, and it is linearized and decoupled in the following section.
Pitching channel
In (9-11), x u , y u and z u are the thruster control signal in three different channel; x k , y k and z k are coefficients of x u , y u and z u . The three channels can be expressed by a second-order system
The problem has the following state-space representation
For the controller design, it is necessary to check the limitations and constraints imposed by the plant. The matrix [A B] must be controllable and [A C] must be detectable. If both conditions are satisfied for the attitude model, the next step is to design a controller which achieves the system performance required. Stable, fast regulating angle is required. It is desired to accomplish the regulation to maintain the KKV in the required attitude.
Suppose the initial and final values of the system are given in the follow
By considering the state-space (14) and (15), the optimal control problem is formulated as a two point boundary value problem. In order to reduce energy consumption, we formulate the following cost function 
The first term in (16) corresponds to the energy of the final error, the second term corresponds to the energy of the instantaneous error and the third term corresponds to the energy of the control signal. The weighting matrices F, Q and R are defined the trade-off between regulation performance and control efforts [17] . Q is assumed at positive definite, and R is assumed at semi-positive definite. Weighting matrices should be selected according to specific control requirements. Fast regulating angle requires large control variable, and large control variable means small R; Saving fuel requires small control variable, while small control variable means large R. In addition, the thruster is not a simple linear links which has dead zone and saturation, therefore a larger matrix R relative to matrix Q is necessary, thus the thruster save more fuel and work more in the linear region. Smaller control variables inevitably lead to lengthen regulation time and unable to meet intercept performance indices. So it is necessary to find a compromise when choosing R.
The control signal   t u is obtained by minimizing J in the optimization problem [18] .
For infinity time fixed-length tracking system, the approximate optimal control to minimize the cost function (16) is shown below [19] 
where is a symmetry positive constant matrix. is obtained by solving the following Riccatti equation
Constant concomitance vector satisfies the following equation
Thus, from (14) and (19), the approximate optimal closed-loop track system is
The solution that satisfies the initial condition is the approximate optimal   * t x .
Pulse-Width Pulse-Frequency Modulator
Equation (19) shows the optimal attitude control commands for the KKV, however, it is of continuous type. The PWPF can modulate the continuous control command to on-off signals which meet the requirement of thrusters. In order to ensure the modulation is in a quasi-linear mode, we must modulate the width of the pulse proportionally to the magnitude of the continuous control command. In PWPF, the distance between the pulses is also modulated. Compared with other methods of modulation, the PWPF modulator has several advantages such as close-to linear operation and high accuracy, which provide scopes for the advanced control [14] . The basic structure of PWPF is shown in Figure 3 . The PWPF modulator is composed of a Schmidt trigger which is simply an on-off relay with dead zone and hysteresis, a first-order-filter, and a negative feedback loop [15] . When a positive input to the Schmidt trigger is greater than on , the trigger output is m ; While the input falls below off , the trigger output is 0, and this response is also reflected for negative inputs. The error 
Static Characteristics of PWPF
If the input   r t is constant, e.g., E, the PWPF modulator output on-off pulse sequence having a nearly linear duty cycle with input amplitude. It is worth to note that the modulator is independent of the system in which it is used [6] . The static characteristics indicate how the modulator will perform in most cases. Choosing appropriate static parameters of the PWPF is the first step of attitude control design.
1) On-time
The relationship between   u t and E can be represented by
The time from on to off U is defined as the relay on-time or pulse width, denoted by . can be solved from (23)
2) Off-time The off-time is defined as the time from 0 to on U . According to (23), the off-time denoted by can be solved
3) Modulator frequency The frequency of the PWPF modulator is defined as the inverse of the period and is given by the following equation 
The dead band of the modulator is defined as the minimum input d to the modulator such that . can be determined below
From (30), we can see that increasing of m K can reduce the size of dead band and it is reasonable to keep m to ensure that U is an upper bound of the dead band.
Minimum pulse-width The effective dead band of the modulator is defined as the minimum input to the modulator when on . Substituting (30) into (26), we obtain an expression for the minimum on-time, which is defined as the minimum pulse-width. The minimum pulse-width is usually denoted by relay operational constrains and is shown as
In addition, the normalized hysteresis width is defined as
, and the normalized input is defined as Figure 4 . From Figure 4 , it can be seen that when d s E E E   , is proportional to the input, and T is inversely 
(t) r(t) u(t) e(t)
proportional to the input. The duty cycle keep a good linear relationship with input. Furthermore, when d , relay work in dead zone, and the output is zero; When E E  s E E  , relay work in saturation zone, and the output is 1. The on-off frequency varies with the input, the maximum frequency occurs at   2
Selection of PWPF Parameters
The aim of this section is to recommend a general method to select PWPF parameters, which will be used later for design the PWPF modulator in this work. The design is done by comparing performance indices for different parameter settings. 
1) and U on off
Simulations with a constant input E = 0.5 are performed to study the influence of parameters on U and off on the on-off frequency. Figure 5 . The curve of the on-off frequency verse input is shown in Figure 6 . The maximum frequency is 9 and 50 respectively. The random signal and its corresponding discrete one after PWPF are shown in Figure 7 . From Figure 6 and Figure 7 , it can be seen that the smaller the m K , the smaller the maximum frequency which means m K is as small as possible.
PWPF translates continuous signal to discrete one, however, the process bring about changes of the signal energy. In order to study how the parameters of PWPF influence the signal energy, integral continuous signal and its corresponding discrete one respectively. Suppose the input signal is sinusoidal signal. The integral of sinusoidal signal and its discrete one after PWPF are shown in Figure 8 . From 3) m indicates a phase lag of an input. If is too small, there is little phase lag for all input frequencies, and bring about excessive energy consumption; If the time constant is too large, there will be no firing numbers for the modulator to react to the high-frequency input [14] .
Generally, better control performance requires larger control command, i.e., requires more energy consumption, but the fuel is limited in KKV, and the number of firings gives an indication of the life-time of the thrusters. In the case of meeting the control requirements, we must minimize the number of firings, i.e., minimize the firing frequency. This tradeoff has to be kept in mind during the design of the PWPF. In order to reduce the energy consumption, an iterative searching of the tradeoff can be carried out, and all the involved requirements should be satisfied. The preferred range of parameters for PWPF is recommended in Table 1 . 
Numerical Results
The optimal control law is   , .
(37) According to above analysis, the PWPF parameters for the particular problem in this work are presented in Table 2. Table 3 shows the dynamic and structure parameters of the KKV in this work.
3) Rolling channel The matrixes of the yawing channel are shown as follows
Design of Optimal Control Law

1) Pitching channel
The matrixes of the pitching channel are shown as follows 
11.8080 0.0471 0.0471 0.0056
The optimal control law is   
Numerical Result
The optimal control law is Suppose the initial values of the three attitude angles and angle velocity are all zero, the final values are all 1 rad, the tracking profile are shown in the following. Figure 9 presents the tracking profile when the input is step signal; Figure 10 presents the tracking profile when the input is square signal. Figures 11-13 
2) Yawing channel The matrixes of the yawing channel are shown as follows
we obtain 100 0 0 3 From the simulation results, it can be seen that there are very good tracking performance of the three attitude angles. When tracking large attitude angle, the thrusters need a high on-off frequency; when tracking small attitude angle, the thrusters reduce the number of firings. Thus, we conclude that for terminal guidance, better precision in midcourse control will reduce the number of firings in terminal phase. It is worth to note that the pitching and rolling channels share four attitude control thrusters, the two channels are coupled stronger than the yawing channel.
Conclusions
This work presents the design process of LQR/PWPF controller, which can meet the requirements of RTACS for KKV. Firstly, a mathematical model of RTACS for KKV is deduced. Then, the design methods of LQR and PWPF are introduced in detail. The LQR technique is an efficient way to achieve stability; it allows to select the level of input signal, and to restrict the control commands till acceptable performance is obtained. The guidelines to select the weighting matrices of the cost function for the optimal controller are also presented and discussed in this work. The influence of PWPF modulator parameters on the control performance is studied. The analysis of the PWPF modulator presents an effective method to tune its parameters. The tuning ranges of some parameters are presented, and a set of approximate optimal parameters for the PWPF is also obtained in this work. Finally, simulation results demonstrate the feasibility of the LQR/PWPF controller for RTACS, and reasonable tracking accuracy in attitude is achieved. It is worth to note that the LQR/PWPF controller can stabilize the system for all initial states. The simulation results also show that improving the control precision in midcourse will reduce the on-off frequency of thrusters in terminal phase, and this is what we hope to achieve.
